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GAUGE-INVARIANT POISSONBRACKETS FOR CHROMOHYDRODYNAMICS
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Noncanonicalhamiltonianstructuresarepresentedboth for Yang—Mills Vlasovplasmas,andfor ideal fluids interacting
with Yang—Mills fields.ThesehamiltonianstructuresaregivenLie-algebraicinterpretations.

A problemof sometheoreticalinterestis to describe 2~= —( g, E~)— (g, i~
1B11>, (3)

thehamiltonianstructureof a fluid which is coupled
self-consistentlyto a nonabeliangaugefield. Forshort which is theYang—Mills analogueof the Lorentzforce;
we call sucha theoryCHD, chromohydrodynamics. the fieldsE andB aredefinedin termsof thepotentials
This theory is thenonabelianextensionof plasma A andA0 by
physics.

Herewe give the Poissonbracketsfor a Yang—Mills E1 = 3A1/3t — VA0 + [A~,Ao]
Vlasovplasmaand for a fluid interactingwith a self-
consistentYang—Mills field. Wealso give the Lie-al- B~1= V1A1 — V~A1+ [A1,AJ] . (4)
gebraicinterpretationof thesePoissonbrackets. ThePoissonbracket for a Vlasovequationin the

Considerthe following singleparticlePoissonbrack- singleparticlephasespaceis simpleto define;for any
et betweenfunctionsofx, p, andg. two functionals9 [f], CK [f] dependingon thedistri-

3K 3K 3J / [~j 0K]) bution functionfon phasespace,wetake

This is thedirect sumof thecanonicalbracketfor the =~ ~ d~xdNp dDg.{9 [f], c)([f}} (5)
coordinatesx andmomentumcomponentsp of the HereN is thedimensionof space,D the dimensionof
particletogetherwith a Kirillov bracket [1] for its thealgebra~. TheJacobiidentity for thisbracket{ ,

chargeg. The chargebelongsto thedual ~ of some follows fromthatfor thesingleparticlebracket~ ,

Lie algebra~, henceOJ/Ogand OK/Og aswell astheir Thehamiltonianstructureof the Yang—Mifis
commutator[OJ/Og,OK/Og] all belongto thealgebra Vlasov plasmais the direct sumof this structurewith
itself, sothepairing(g, [OJ/Og,OK/Og]) is a scalar. acanonicalstructurefor thefields:
TheJacobiidentity for theKirfflov bracketfollows =

from theJacobiidentity for the Lie algebra~.

Forthesingle-particlehamiltonian, 0t + Sf ~j1

H1~(p—(g,A(x,t)))
2—(g,A

0(x,t)), •(2) 3A~~ ~

onemay derive,from Hamilton’sequations, 0t 5*E~ Ot — SA = 0 - (6)

1 Presentaddress:Istituto di Fisicadell’Università,Università Remark:in the casewhen~ is abelian,this hamiltonian
degli Studi-Roma,100185Rome,Italy. structurereducesto that of MarsdenandWeinstein [2}.

2 Presentaddress:MathematicsDepartment,TheUniversity Herethe field *E canonicallyconjugatetoA, belongs
of Michigan,Ann Arbor, MI 48109,USA. to q~’,andmay be thoughtof asthe transposeof E (in
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a matrix representation).The lastequation,a con- H = f [(M — KG, A )2/(2p) — G, A
0)

straintwhich is compatiblewith theequationsof mo-
tion, arisesfrom thegaugesymmetryof thesystem;in + U(p) + ~ (*~i E~)+ ~(*B~1,B~1)
factit is justGauss’slaw.Thehamiltonianfor a non-
relativistic plasmais + K*E1, V1A0+ [A0,A1] > dNx , (11)

= f [~(p — Kg, A >)2 — Kg, A0)]f dNx dA’p dD g which is, apartfrom the internalenergyterm U(p),
the restrictionof the hamiltonian(7) to a cold plasma.
Thishamiltoniantogetherwith the structure(9) plus

+ f{~K*EiE.>+K*E. (V1A0 — [A1,A0})) thecanonicalpartfor *E andA producesthemotion
equationfor abarotropicfluid which is drivenby a

+ 1 K*B , B11>} dNx (7) Yang—Mifis Lorentz force density:

(~ )+Pvfrom which thehanifitonianstructure(6) produces p — + v~Vtv, / ap —KG, E1 +
attheYang—Mills Vlasovequations. (12)

Onepassesto thebarotropicfluid limit by consid- wherethevelocity v1 is givenby
eringthemoments:

u1=SH/5M1. (13)

p = ffdNp dDg, M = ffp dNp dDg, Fora fluid whoseinternalenergydependsalso on

entropydensitya, one addsto the hamiltonianstruc-
ture(9) termswhich are analogousto thosein p,

G = ffg dNp dDg, (8) namely

andthen consideringthe “cold plasma”limit, where 3a/3t = —V1uSH/5M1, (14)
f is determinedby thesemomentsalone.Thehamil- and oneaddsto 3M1/at a term(aV1SH/Sa)aswell.
tonian structure(6) in thesevariablesrestrictsto All of the CHD equationsmay thenbe computed

readilyfrom their hamiltonianstructure,seee.g.,ref.
ISH [6].~1 (~ 0 V1P 1 5P In thehanilitonianstnicturefor CHD, thenon.

canonicalpart dependslinearly uponthe fluid variables
G = 0 _ad*G V

1G ~ ‘ and thereforecanbe interpreted [3] asa Lie algebra.
Let ~ denotea Lie algebraof smoothfunctionson

R~with valuesin ~. The Lie algebra~ (Rn) of vector
Mij ~pV1 GV~ V1M1 +~Vij~~j fields on R~actsnaturally on C(Rn) andon~.Let

(9) L be a Lie algebra(semidirectproduct):

whereH is the cold-plasmalimit of(7) andthe G—G L = ~L~(R’
1)@ [~~C00(R~O~C00(R~~)]. (15)

term in the middleis to be readas Thenthe naturalPoissonbracketon thedualspaceL *

of L coincides(up to a minussign) with the noncano-— (ad*~)G = —Gayg e , (10) nical part of the CHD bracket describedabove,provid-
C bGb ed onedenotesthedual coordinatestoL asfollows:

wherey~are thestructureconstantsof the algebra M~is dual to a/3x~G’~is dual to C00(Rfl)® ea; p and a
q in a basiswith elementsea, e’ are elementsof the are dual to thefirst andsecondsummandC00(RI~),
dualbasis,andG = Gaea,Ga E COO(RN). respectively.

The full hamiltonianstructureis thedirect sumof Forfurther explanationsand otherapplicationsof
(9) with thecanonicalstructurefor *E andA. In order thesemethodssee,e.g. refs. [4—6].
to describemotionof abarotropicfluid, onetakesthe
followinghamiltonian: We aregratefulto theCenterfor NonlinearStudies
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at Los Alamos National Laboratorywhosefacilities and [41D.D. Hoim and B. Kupershmidt,Canonicalandnon-
supportmadethis work possible. canonicalhamiltonianformulationsof idealmagnetohydro-

dynamics,J. Math.Phys.,to bepublished;alsoavailable
asLos AlamosreportLA-UR-82-124.
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